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Abstract. A modification of a multiscale hybrid discrete-continual approach of excitable cel-

lular automata is developed. The new version of the method is completed by taking into ac-

count porosity and nanocrystalline structure of a material and the algorithms of calculation 

of local force moments and angular velocities of microrotations. The excitable cellular au-

tomata method was used to carry out numerical experiment (NE) for heating of continuous 

and nanoporous specimens consisting of nanocrystalline TiAlC coatings. The numerical ex-

periments have shown that nanoporosity allows to substantially reducing the rate of collective 

crystallization. Nanoporosity slowed down propagation of the heat front in specimens. This 

fact can play both positive and negative roles in deposition of coating and its further use. On 

the one hand, by slowing the heat front propagation one can significantly reduce the level of 

thermal stresses in deeper layers of the material. On the other hand, such deceleration in case 

of the high value of the coefficient of thermal expansion can give rise to the formation of large 

gradients of thermal stress, which initiate nucleation and rapid growth of the main crack. 
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1 INTRODUCTION 

Currently, composite coatings on the basis of MAX phases with composite properties 

(tribological and heat-proof at the same time) become more and more relevant [1–7]. This 

new class of materials is characterized by unique properties combining the benefits of both 

metallic alloys and ceramic materials. On the one hand, such compounds demonstrate high 

heat conductivity and thermal resistance. On the other hand, they feature high elastic moduli, 

low thermal expansion coefficient, high heat resistance and extreme high-temperature strength. 

Such materials are very resistant to cycle loads and temperatures higher than 1000 °C, and in 

this temperature range their resistance to cycle loads leaves behind the majority of known 

heat-proof and heat-stable materials, including the intermetallide-based alloys [3]. 

The practical interest to such new materials is primarily connected with new requirements 

to critical units of aircraft. In combination with low density of the composite the unique char-

acteristics of MAX-phases unveil wide range of their application in rocket and aircraft engi-

neering. For instance, the implementation of heat-stable Ti-Al-based material with protective 

coating allows increasing up to 50% the relation of lift force to weight in comparison with the 

best Ni-based analogues [6]. 

However, the creation of new classes of wear resistant materials operating under extremely 

high temperature gradients (~1000 K) requires detailed study of both initial microstructure of 

created coatings and regulations of its evolution in the course of thermal and mechanical loads. 

For example, the melting temperature of γ-TiAl phase is about 1750 K, which limits the ap-

plication of such intermetallides under extreme thermocycling. 

Recent years have witnessed the works on modeling of either behavior of wear resistant 

and heat-proof coatings under mechanical loading [8, 9], or the process of their creation [10–

11]. The majority of them is dedicated to the investigation of titanium-aluminum alloys. Un-

fortunately, the authors of present work are not aware of works that aim at detailed study of 

the change in the mesostructure of Ti-Al-C coatings under thermocycling at temperatures 

close to melting temperatures of separate structural elements. The capability of collective 

crystallization as well as its impact on redistribution of internal thermal stresses in a 

mesostructure are also far from being studied thoroughly. 

Consequently, the authors of this work tried to implement computer modeling to study col-

lective crystallization of nanostructured highly porous Ti-Al-C coating, as well as the effect of 

dynamic rearrangement of the structure on distribution of thermal stresses. 

In the present work, the authors refer to the principles of physical mesomechanics on scale 

invariability assuming that a real solid body is an hierarchically organized system [12]. Such 

3D-system contains the combination of interfaces, which are independent 2D-systems, in 

which rotary wave fluxes of mass and energy propagate [13]. Fig. 1 depicts the scheme of in-

teraction of 2D planar subsystem of interface and 3D subsystem of the crystal lattice. 
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Fig. 1. Scheme of interaction of 2D planar subsystem of interface and 3D subsystem of the crystal lattice. 

 

Rotary wave fluxes are particularly distinguished under dynamic loading, for instance un-

der friction with run-out. Most distinctively the microrotations are demonstrated in experi-

ments on fragmentation during propagation of a shock wave [14]. Rotation modes of 

deformation occur after the action of local moment of force. For computer modeling of the 

initiation and consequent evolution of fields of local force moments under intense dynamic 

loads, a discrete continuum method of stochastic excitable cellular automata was developed. 

The authors were mostly referring to existing works on modeling of recrystallization pro-

cesses [15–17] and to their own previous studies [18–20]. 

2 SIMULATION METHOD 

Within the framework of present study, a new modification of the multiscale hybrid dis-

crete continuum approach of stochastic excitable cellular automata was developed. The new 

method explicitly accounts for the porosity and nanocrystalline structure of material, the algo-

rithm for computing local force moments and angular velocities of microrotations occurring 

in structurally nonuniform medium. 

In the frame of SECA method (Stochastic Excitable Cellular Automata), the modeled spec-

imen is represented as a cellular automaton, i.e. the combination of ordered active elements, 

each both imitating in part the material contained in particular volume of space and character-

ized by such numerical parameters as heat capacity and heat conductivity. The network of cel-

lular automaton elements is divided into clusters, each being the model of a separate grain 

having its own orientation of the crystal lattice characterized by Euler angles ψ, φ, η 

To determine the temperature of the elements it was necessary to introduce a discrete 

model of heat transfer of heterogeneous medium. At zero step of the numerical experiment, 

for each element, the initial values of temperature, deformation, heat conductivity, heat capac-

ity and coefficient of linear thermal expansion were assigned. Then, at each n-th time step, a 

new temperature value is calculated for an element with due consideration of heat fluxes from 

each adjacent element. 
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where 
1n

iT , 
n

iT  are temperatures of the i-th element at n-1 and n-th time steps, ci is heat 

capacity of the i-th element, ρi is the density of the i-th element, V is element volume, 
n

ikQ  is 

the flux of heat energy from neighboring k-th element into considered i-th at the n-th time step, 

N is the number of neighbors. 

The change of heat energy 
n

ikQ  is calculated using Fourier law: 
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(2) 

 

Here λik is he coefficient of mutual heat conductivity, l is the distance between the centers of 

considered elements, Ω is the area of adjacent plane, Δτ is time step. The coefficient of mutu-

al heat conductivity is calculated as follows: 

 

λik=( λi+ λk)/2. (3) 

 

Here λi, λk are heat conductivity coefficients of the i-th and k-th elements, with 

 

ikj

jj e=
θφ~ 

  (j = i, k), 
(4) 

where jα
~

 is the coefficient of heat conductivity of the j-th automaton, jφ  is the coefficient 

determining the fraction of impact of phonons on the material heat conductivity, ikи  is angle 

(in degrees) determined by the difference of crystal lattice orientations of i-th and k-th autom-

ata (in current program version  kiik = ψψθ  ). 

After the calculation of new temperature values 
n

iT  using equation (1), for each i-th el-

ement the following values are calculated:   

a. change in deformation due to thermal expansion: 
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b. corresponding changes in stress and mechanical energy 
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c. new values of heat energy 
n

iQ : 
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d. according to (8), a correction is made for a new temperature value: 
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Thus, the fraction of element heat energy change goes for the change in its mechanical en-

ergy due to the process of thermal expansion. As a result, internal thermal stresses accumulate, 

which transform into fluxes of mechanical energy distributed long the network of elements. 

The modeling of heat transfer in porous body should account the transfer of heat energy by 

radiation. In the frame of the considered method, a state of element is introduced that indi-

cates its belonging to a pore. If the considered i-th automaton element on the first coordina-

tion sphere has an element in pore state, then the heat inflow into the i-th element is 

calculated from the assumption of cubic packing of elements, and that the pore boundaries are 

reflective, i.e. radiated and reflected rays propagate perpendicularly to the boundary. In this 

case, the neighboring element is the elements in material state that is the closest on the way of 

propagation of rays from the i-th element. Let this element have index k. The change in heat 

energy of the i-th element after the interaction with the k-th element at current n-th time step 
n

ikQ  is determined as follows. 

In the case of radiant heat exchange, the i-th element, in addition to its generated radiation 
n

iE , partially reflects the incident energy from the k-th element. The sum of energy of gener-

ated and reflected radiation is the effective radiation of the i-th element  
eff

n

iE . For the calcu-

lation of the radiant heat exchange between elements, it is important to determine resulting 

radiation, which is the difference between the radiant flux received by an element and radiant 

flux which it radiates. To determine the flux density of the resulting radiation 
n

ikq , an energy 

balance equation is composed: 
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On the other hand, the resulting radiation is the difference between the flux radiated by an 

element and the fraction of absorbed energy: 
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where ]1;0[i  - is absorption coefficient of the i-th element. Taking into account (10) and 

(11) yields: 
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To calculate the heat energy 
n

ikQ  transferred from the k-th element to the i-th one, a model 

of heat flux is used in a system of paralleled reflecting plates. In the frame of the model, using 

the principles of the law of radiant heat exchange, the equation for calculating the radiant heat 

exchange between elements can be derived. Let us derive the equation for determining heat 

flux 
n

ikq  from the k-th element to the i-th one. This value is the difference between effective 

fluxes from each of the elements: 
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Thus, according to (12) and taking into account that under stabilized regime, the resulting 

fluxes for each of the elements have equal value and opposite signs (
n

ki

n

ik qq  ): 
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where μi is the absorption coefficient of material of the i-th element. Substituting (14) into (13) 

yields the expression for heat flux n

ikq : 
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According to the laws of Stefan-Boltzmann and Kirchhoff, the relation of the flux density 

of heat energy n

iE —radiated by the surface of heated i-th element containing material—to its 

absorption coefficient is calculated as follows: 
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(16) 

 

Here η = 5.67 W/(m
2
·K

4
) is the radiation coefficient of gray body, μi is absorption coefficient 

of material of the i-th element, n

iT  - temperature of the i-th element at previous time step. 

Obviously, the heat flux n

ikQ  over the time step Δτ through the element plane area Ω is ex-

pressed as: 
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Taking into account (15) and (16) yields the expression for heat flux 
n

ikQ : 
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(18) 

 

Here, ]1;0[, ki   - are absorption coefficients of the i-th and k-th elements.  

Thus, the modeling of radiant heat exchange using (2) requires adding expression (18): 
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(19) 

 

Taking into account that the amount of radiated energy is known to be larger than the 

amount of energy absorbed by the walls of pores due to dissipation (connected with the ab-

sorption and dissipation coefficients), the energy dissipation during the heat transfer through 
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pores is expressed using optical thickness of gaseous filler of pores. Hence, coefficients µi and 

µk should be selected with the regard for the heat energy dissipation in the filler gas in pores. 

The chemical composition of the gas can be determined experimentally. 

Further, due to heterogeneous thermal expansion, in different structural elements, internal 

thermal stresses accumulate that transform into fluxes of mechanical energy redistributed 

along the network of a cellular automaton. The method explicitly accounted grain boundaries, 

their curvature and grain-boundary angles of the crystal lattice. The created algorithms al-

lowed calculating the value of local force moments, vorticity tensor and dissipation of torsion 

energy conditioned by the formation of new defect structures. 

 

 
 

Fig. 2. Scheme for calculation of angular velocity of material rotation in cellular automaton element 

 

Angular velocity of the i-th element in Fig. 2 under the flux of matter acting through the 

boundary of the k-th and l-th elements (each k-th element lies on the 1st coordination sphere 

of the i-th element; each l-th element lies on the intersection of 1st coordination spheres of the 

i-th and corresponding k-th elements) is calculated as follows: 

 

2

ikl

klikl
ikl

r

vr
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
 

 . 
(20) 

 

The velocity of matter flux at the boundary of the k-th and l-th elements is calculated using 

Newton’s viscous flow equation: 

 

klklklkl nppmv


)(  ,  (21) 

 

where pl, pk are pressures (all-way stresses) in the k-th and l-th elements, kln


 is vector of a 

normal to the boundary of the k-th and l-th elements, klm  is movability of the boundary be-

tween the k-th and l-th elements. 

The total angular velocity of the i-th element is determined as the following sum: 
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Here K is the number of elements on 1st coordination sphere of the i-th element, L is the 

number of elements at the intersection of the 1st coordination spheres of the i-th element and 

each k-th neighbor. 

Three-dimensional rotation angle of the i-th element over time τ ( i


 ) is proportional to 

the total angular velocity: 
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Change of the force moment of the i-th element over time τ (
iM


 ) is calculated as follows: 
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Here G is shear modulus of material, contained in the i-th element, rc is element radius. 

Vortex vector is determined as follows:  
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Components of vortex vector are expressed as follows: 

 

ω1 = 2Ω23,  

(26) ω2 = 2Ω31, 

ω3 = 2Ω12, 

 

where Ω is vorticity tensor, 
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The meaning of angular velocity calculated using expressions 20–22 is similar to that of 

vortex vector. Taking into account equation 24, the following expressions for vortex vector 

components are yielded: 
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Thus, vorticity tensor Ω can be expressed as follows: 
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The member responsible for accumulation of latent energy of defects is expressed in the 

following way: 
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(30) 

 

Here, torsk  is the rate of accumulation of defects (can be determined experimentally). 

It should be noted that expression (30) has general sense and, depending on formulated 

rules of switching of cellular automaton, can have the sense of energy required for reversible 

structure and phase transformation. In such a case, the coefficient torsk  can be calculated us-

ing atomic configurations of initial and final states. 

3 NUMERICAL EXPERIMENT 

In the frame of this work, theoretical study was performed of the character of structure and 

phase transformations in nanocrystalline and nanoporous specimens under thermocycling. The 

hybrid method of excitable and bistable cellular automata was used to simulate heat transfer 

with due account for the process of collective recrystallization. 

Using the method of stochastic excitable cellular automata a numerical experiment (NE) 

was performed including the heat-up of solid and nanoporous specimens consisting of nano-

crystalline TiAlC with high (12·10
-6

 K
-1

) and low (7·10
-6

 K
-1

) thermal expansion coefficient 

(TEC). The NE included the simulation of collective crystallization and thermal expansion of 

materials, as well as the explicit account for thermal transition of mechanical energy into its 

latent fraction during local rotations: at each time step, the mechanical energy of each element 

of a cellular automaton was decreasing for a value proportional to the square of absolute value 

of accumulated three-dimensional angle of rotation of this element. 

Each specimen was simulated by means of a cellular automaton with fcc arrangement of 

elements with the dimensions of 60 nm. The dimensions of each element were 2.88 × 2.4 

× 1.6 µm; the dimensions of grain and pore were set to 60 nm (Fig. 3). Initial temperature of 

each element was 300 K; initial values of deformation and stress were zero. The value of time 

step was 0.02 ns. Thermal loading consisted of two time steps of 1000 µs: at the first stage, 

heating up to upper limit of 1500 K was simulated; at the second stage, cooling to 300 K 

(Fig. 4). 
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a b 

Fig. 3. Grain structure of specimens (in three-dimensional form and at the front face) at the initial moment of 

time: a) without pores with high and low TEC; b) porous with high and low TEC. 

 

 

 

 

a b 
Fig. 4. Scheme of thermal load application (a) and time dependence of temperature at upper face (b) 

 

Fig. 5 illustrates the images of grain structure of specimens (in three-dimensional form and 

at the front face), formed after collective crystallization by specific moment of time. 

 

    

    

300 ns 300 ns 600 ns 600 ns 

a b c d 
Fig. 5. Images of grain structure of specimens (in three-dimensional form and at the front face), formed after 

collective crystallization by specific moment of time: a) without pores with high TEC; b) without pores with low 

TEC; c) porous with high TEC; d) porous with low TEC. 
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Figs. 6–9 depict the time dependencies of mean values of effective stress, specific latent 

mechanical energy, relative latent mechanical energy and modulus of force moment at the 

stage of heating of the specimens. 

 

 
Fig. 6. Time plots of mean effective stress for specimens without pores with high TEC (black), without pores 

with low TEC (red), porous with high TEC (green), porous with low TEC (blue). 

 

 
Fig. 7. Time plots of mean specific latent mechanical energy for specimens without pores with high TEC 

(black), without pores with low TEC (red), porous with high TEC (green), porous with low TEC (blue). 

 

 
Fig. 8. Time plots of mean relative latent mechanical energy for specimens without pores with high TEC 

(black), without pores with low TEC (red), porous with high TEC (green), porous with low TEC (blue). 
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Fig. 9. Time plots of mean modulus of force moment for specimens without pores with high TEC (black), 

without pores with low TEC (red), porous with high TEC (green), porous with low TEC (blue). 

 

The study performed by direct numerical experiment has elucidated that the introduction 

of the nanoporosity allows appreciably reducing the rate of collective crystallization. It 

should be noted that the nanoporosity was slowing down the propagation of the heat front in 

studied modeled specimens. This fact can play both positive and negative role in the process 

of deposition and further use of a coating. On the one hand, the slowdown of heat front can 

considerably reduce the level of thermal stresses in deep layers of a material. On the other 

hand, the slowdown of heat propagation front in the case of high TEC of a material can re-

sult in the formation of sharp gradients of thermal stresses that initiate the origination and 

rapid propagation of a main crack. 

In addition, it can be noted that in porous specimens, the rate of collective crystallization 

was considerably lower than that in nanocrystalline specimens. The study results demon-

strate that the value of thermal expansion coefficient has no impact on the rate of recrystalli-

zation in nonporous specimens. This means that the driving force in the recrystallization 

process in this case is primarily the temperature gradient, rather than mechanical stresses. 

Figs. 10–13 represent the images of grain structure, distribution of effective stress, modu-

lus of force moment and relative latent mechanical energy in studied specimens at different 

moments of time. 
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Fig. 10. Images of grain structure, distribution of effective stress, modulus of force moment and relative latent 

mechanical energy in specimen without pores and with high TEC at different moments of time. 

 

 

 



Dmitry D. Moiseenko, Pavel V. Maksimov, Sergey V. Panin and Viktor E. Panin 

 
t 

[ns] 

structure effective stress modulus of force moment relative latent energy 

20 

 

 
  

40 

    

60 

    

100 

    

200 

    

300 

 

   

400 

    

 

Fig. 11. Images of grain structure, distribution of effective stress, modulus of force moment and relative latent 

mechanical energy in specimen without pores and with low TEC at different moments of time. 
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Fig. 12. Images of grain structure, distribution of effective stress, modulus of force moment and relative latent 

mechanical energy in porous specimen with high TEC at different moments of time. 
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Fig. 13. Images of grain structure, distribution of effective stress, modulus of force moment and relative latent 

mechanical energy in porous specimen with low TEC at different moments of time. 

 

Comparison of the dynamics of defect structure accumulation (Figs. 10–11) and the anal-

ysis of plots of relative specific torsion energies (Fig. 8) allows concluding that in nonporous 

nanocrystalline material, with the decrease of TEC, the rate of defect structure accumulation 

increases. This fact is explained by the fact that for high values of thermal expansion coeffi-

cient, material has higher possibility to relax thermal stresses via three-dimensional defor-

mation without disturbing the translational invariability of the crystal lattice, but increasing 

the interatomic distance of the latter. In the case of low TEC, the major amount of thermal 
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stresses transit into local force moments, initiating curvature and torsion of crystal lattice, 

which unavoidably is accompanied by origination of defect structures at microscale level. 

This makes particularly indicative the plots of time dependencies of total modulus of 

force moment in Fig. 9. Evidently, averaging the modulus of force moment along whole 

specimen leads at mesoscale level to considerable oscillations of force moment in specimens 

with high TEC, which testifies elastic rotations of whole conglomerates of grains, which, 

nevertheless, does not lead to appreciable formation of defect structures in them. The plots 

of time dependencies of force moments in specimens with low TEC, conversely, are smooth 

and have 2–4 times lower values.  

The comparison of images of defect structure energy distribution both in porous and non-

porous specimens shows its more dense and uniform distribution in material with low TEC, 

while in material with high values of thermal expansion coefficient, the torsion energy is dis-

tributed as large areas of its high and low concentration (Figs. 10–13). 

This confirms the idea about material with low thermal expansion coefficient achieving 

larger curvature of crystal lattice at microscale, accompanied by bigger rate of defect structure 

formation. Such systems rapidly drop stresses into moment forces at microscale impeding the 

self-organization of rotation moment in large conglomerates of grains. 

4 CONCLUSIONS 

A new modification of the multiscale hybrid discrete continuum approach of stochastic 

excitable cellular automata was developed. The new method explicitly accounts for the po-

rosity and nanocrystalline structure of material, the algorithm for computing local force mo-

ments and angular velocities of microrotations occurring in structurally nonuniform medium 

with due account for energy dissipation.  

Using the direct numerical experiment it was demonstrated that in porous specimens the 

rate of collective crystallization was considerably lower than that in nanocrystalline speci-

mens. The study results demonstrate that the value of thermal expansion coefficient has no 

impact on the rate of recrystallization in nonporous specimens. 

On the other hand, the value of thermal expansion coefficient of nanoporous and nano-

crystalline specimens significantly impacts the distribution character and rate of defect struc-

ture accumulation. For instance, it was shown that the material with low thermal expansion 

coefficient reaches higher curvature of crystal lattice at microscale. The formation of curva-

ture and torsion in the lattice is accompanied by the formation of defect structures. Such sys-

tems are more capable of relaxing moment stresses at microscale, which interferes the self-

organization of rotation moment in conglomerates of grains at mesoscale. 

Thus, in addition to accounting the local rotational modes of structural elements and ther-

mal radiation by pore walls, it is necessary to study the ability of material to reversible struc-

tural transformations in the material of pore walls. The reversible structural transformations 

will accumulate peak values of energy in elastic rotational stress fields that are knowingly in-

ertial, which will allow preventing catastrophic growth of main cracks. 
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